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Abstract
Using non-Archimedian integration over spaces of arcs of algebraic vari-
eties, we define stringy Euler numbers associated with arbitrary Kawamata log
terminal pairs. There is a natural Kawamata log terminal pair corresponding
to an algebraic variety V having a regular action of a finite group G. In this
situation we show that the stringy Euler number of this pair coincides with the
physicists’ orbifold Euler number defined by the Dixon-Harvey-Vafa-Witten
formula. As an application, we prove a conjecture of Miles Reid on the Euler
numbers of crepant desingularizations of Gorenstein quotient singularities.
1 Introduction
Let X be a normal irreducible algebraic variety of dimension n over C, Zn−1(X) the
group of Weil divisors on X , Div(X) ⊂ Zn−1(X) the subgroup of Cartier divisors
on X , Zn−1(X) ⊗ Q the group of Weil divisors on X with coefficients in Q, KX ∈
Zn−1(X) a canonical divisor of X .
Recall several definitions from the Minimal Model Program [14, 15, 16] (see also
[17, 18]):
Definition 1.1 Let ∆X ∈ Zn−1(X) ⊗ Q be a Q-divisor on a normal irreducible
algebraic variety X . A resolution of singularities ρ : Y → X is called a log resolu-
tion of (X,∆X) if the union of the ρ-birational transform ρ
−1(∆X) of ∆X with the
exceptional locus of ρ is a divisor D consisting of smooth irreducible components
D1, . . . , Dm having only normal crossings.
Definition 1.2 Let ρ : Y → X be a log resolution of a pair (X,∆X). We assume
that KX +∆X is a Q-Cartier divisor and write
KY = ρ
∗(KX +∆X) +
m∑
i=1
a(Di,∆X)Di,
where Di runs through all irreducible components of D and a(Di,∆X) = −dj if Di
is a ρ-birational transform of an irreducible component ∆j of Supp∆X. Then the
number rational number a(Di,∆X) (resp. al(Di,∆X) := a(Di,∆X) + 1) is called
the discrepancy (resp. log discrepancy) of Di.
Definition 1.3 A pair (X,∆X) is called Kawamata log terminal if the following
conditions are satisfied:
(i) ∆X = d1∆1 + · · ·+ dk∆k, where ∆1, . . . ,∆k are irreducible Weil divisors and
di < 1 for all i ∈ {1, . . . , k};
(ii) KX +∆X is a Q-Cartier divisor;
(iii) for any log resolution of singularities ρ : Y → X , we have al(Di,∆X) > 0
for all i ∈ {1, . . . , m},
Now we introduce a new invariant of Kawamata log terminal pairs:
Definition 1.4 Let (X,∆X) be a Kawamata log terminal pair, ρ : Y → X a log
resolution of singularities as above. We put I = {1, . . . , m} and set for any subset
J ⊂ I
DJ :=
{ ⋂
j∈J Dj if J 6= ∅
Y if J = ∅
, D◦J := DJ \
⋃
j∈(I\J)
Dj,
e(D◦J) := (topological Euler number of D
◦
J).
We call the rational number
est(X,∆X) :=
∑
J⊂I
e(D◦J)
∏
j∈J
al(Dj,∆X)
−1
the stringy Euler number of the Kawamata log terminal pair (X,∆X) (in the
above formula, we assume
∏
j∈J = 1 if J = ∅).
Using non-Archimedian integrals, we show that the stringy Euler number est(X,∆X)
is well-defined:
Theorem 1.5 In the above definition, est(X,∆X) does not depend on the choice of
a log resolution ρ : Y → X.
We expect that the stringy Euler numbers have the following natural connections
with log flips in dimension 3 (see [21, 22]):
Conjecture 1.6 Let X be a normal 3-dimensional variety and ∆X is an effective Q-
divisor such that (X,∆) is Kawamata log terminal, and ϕ : (X,∆X) 99K (X
+,∆X+)
a log (KX +∆X)-flip. Then one has the following inequality:
est(X,∆X) > est(X
+,∆X+).
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Remark 1.7 In 4.11 we show that the above conjecture is true for toric log flips in
arbitrary dimension n.
Recall now a definition from the string theory [10] (see also [20]):
Definition 1.8 Let V be a smooth complex algebraic variety together with a reg-
ular action of a finite group G: G× V → V . For any element g ∈ G we set
V g := {x ∈ V : gx = x}.
Then the number
e(V,G) :=
1
|G|
∑
(g,h)∈G×G
gh=hg
e(V g ∩ V h)
is called the physicists’ orbifold Euler number of V .
Our main result in this paper is the following:
Theorem 1.9 Let V be as in 1.8, X := V/G the geometric quotient, ∆1, . . . ,∆k ⊂
V/G the set of all irreducible components of codimension 1 in the ramification locus
of the Galois covering φ : V → X. We denote by νi the order of a cyclic inertia
subgroup Gi ⊂ G corresponding to ∆i and set
∆X :=
k∑
i=1
(
νi − 1
νi
)
∆i.
Then the pair (X,∆X) is Kawamata log terminal and the following equality holds
est(X,∆X) = e(V,G).
As an corollary of 1.9, we obtain the following statement conjectured by Miles
Reid in [20]:
Theorem 1.10 Let G ⊂ SL(n,C) be a finite subgroup acting on V := Cn. Assume
that there exists a crepant desingularization of X := V/G, i.e., a smooth variety Y
together with a projective birational morphism ρ : Y → X such that the canonical
class KY is trivial. Then the Euler number of Y equals the number of conjugacy
classes in G.
The paper is organized as follows. In Section 2 we review a construction of
a non-Archimedian measure on the space of arcs J∞(X) of a smooth algebraic
variety X over C. This measure associate to a measurable subset C ⊂ J∞(X)
an element V olX(X) of a 2-dimensional notherian ring Â1 which is complete with
respect to a non-Archimedian topology defined by powers of a principal ideal (θ) ⊂
3
Â1. In Section 3 we define expenentially integrable measurable functions and their
exponential non-Archimedian integrals. Our main interest are measurable functions
FD associated withQ-divisorsD ∈ Div(X)⊗Q. We prove 1.5 using a transformation
formula for the exponential integral under a birational proper morphism.
In Section 4 we consider Kawamata log terminal pairs (X,∆X), where X is a
toric variety and ∆X is a torus invariant Q-divisor. We give an explicit formula
for est(X,∆X) using a Σ-piecewise linear function ϕK,∆ corresponding to the torus
invariant Q-Cartier divisor KX + ∆X . In Section 5 we investigate quotients of
smooth algebraic varieties V modulo regular actions of finite groups G. We define
canonical sequences of blow ups of smooth G-invariant subvarieties in V which allow
us to construct in a canonical way a smooth G-variety V ′ such that stabilizers of
all points in V ′ are abelian. This construction is used in Section 6 where we prove
our main theorem 1.9. In Section 7 we apply our results to a cohomological McKay
correspondence in arbitrary dimension (this extends our p-adic ideas from [2]).
We note that Sections 2 and 3 are strongy influenced by the idea of “motivic
integral” proposed by Kontsevich [19]. Its different versions are containend in the
papers of Denef and Loeser [6, 7, 8, 9]. The case of divisors on surfaces was consid-
ered by Veys in [23, 24].
Acknowledgements: It is my pleasure to thank Professors Yujiro Kawamata,
Maxim Kontsevich, Shigefumi Mori, and Miles Reid for useful discussions.
2 Non-Archimedian measure on spaces of arcs
Recall definitions of jets and spaces of arcs (see [11], Part A).
Definition 2.1 Let X be a smooth n-dimensional complex manifold, x ∈ X an
arbitrary point. A germ of a holomorphic curve at x is a germ of a holomorphic
map γ of a small ball {|z| < ε} ⊂ C to X such that γ(0) = x.
Let l be a nonnegative integer. Two germs γ1, γ2 of holomorphic curves at x are
called l-equivalent if the derivatives of γ1 and γ2 at 0 coincide up to order l. The
set of l-equivalent germs of holomorphic curves is denoted by Jl(X, x) and called
the jet space of order l at x. The union
Jl(X) =
⋃
x∈X
Jl(X, x)
is a complex manifold of dimension (l + 1)n which is a holomorphic affine bundle
over X . The complex manifold Jl(X) is called the jet space of order l of X .
Definition 2.2 Consider canonical mappings jl : Jl+1(X) → Jl(X) (l ≥ 0) whose
fibers are isomorphic to affine spaces Cn. We denote by J∞(X) the projective limit
of Jl(X) and by pil the canonical projection J∞(X) → Jl(X). The space J∞(X) is
called the space of arcs of X .
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Remark 2.3 Let R be the formal power series ring C[[t]] considered as the inverse
limit of finite dimensional C-algebrasRl := C[t]/(t
l+1). IfX is n-dimensional smooth
quasi-projective algebraic variety over C, then the set of points in J∞(X) (resp.
Jl(X)) coincides with the set of R-valued (resp. Rl-valued) points of X .
From now on we shall consider only the spaces J∞(X), where X is a smooth
algebraic variety. In this case, Jl(X) is a smooth algebraic variety for all l ≥ 0.
Definition 2.4 A set C ⊂ J∞(X) is called cylinder set if there exists a positive
integer l such that C = pi−1l (Bl(C)) for some constructible subset Bl(C) ⊂ Jl(X).
Such a constructible subset Bl(C) will be called the l-base of C. By definition, the
empty set ⊂ J∞(X) is a cylinder set and its l-base in Jl(X) is assumed to be empty
for all l ≥ 0.
Remark 2.5 Let C ⊂ J∞(X) be a cylinder set with an l-base Bl(X).
(i) It is clear that Bl+1(C) := j
−1
l (Bl(C)) ⊂ Jl+1(X) is the (l + 1)-base of C
and Bl+1(X) is a Zariski locally trivial affine bundle over Bl(C) whose fibers are
isomorphic to Cn.
(ii) Using (i), it is a standard exercise to show that finite unions, intersections
and complements of cylinder sets are again cylinder sets.
The following property of cylinder sets will be important:
Theorem 2.6 Assume that a cylinder set C ⊂ J∞(X) is contained in a countable
union
⋃∞
i=1Ci of cylinder sets Ci. Then there exists a positive integer m such that
C ⊂
⋃m
i=1Ci.
Proof. The proof of theorem 2.6 is based on a classical property of constructible
sets (see [12], Cor. 7.2.6). For details see Theorem 6.6 in [3]. Another version of
the same statement is contained in [8] (see Lemma 2.4). ✷
Definition 2.7 Let Z[τ±1] be the Laurent polynomial ring in variable τ with coef-
ficients in Z, A the group algebra of (Q,+) with coefficients in Z[τ±1]. We denote
by θs ∈ A the image of s ∈ Q under the natural homomorphism (Q,+) → (A∗, ·),
where A∗ is the multiplicative group of invertible elements in A (the element θ ∈ A
is transcendental over Z[τ±1]). For this reason, we write
A := Z[τ±1][θQ]
and identify A with the direct limit of the subrings AN := Z[τ
±1][θ
1
N
Z] ⊂ A, where
N runs over all positive integers.
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Definition 2.8 We consider a topology on A defined by the non-Archimedian
norm
‖ · ‖ : A→ R≥0
which is uniquely characterised by the properties:
(i) ‖ab‖ = ‖a‖ · ‖b‖, ∀a, b ∈ A;
(ii) ‖a+ b‖ = max{‖a‖, ‖b‖}, ∀a, b ∈ A if ‖a‖ 6= ‖b‖;
(ii) ‖a‖ = 1, ∀a ∈ Z[τ±1] \ {0};
(iii) ‖θs‖ = e−s if s ∈ Q.
The completion of A (resp. of AN) with respect to the norm ‖ · ‖ will be denoted
by Â (resp. by ÂN). We set
Â∞ :=
⋃
N∈N
ÂN ⊂ Â.
Remark 2.9 The noetherian ring ÂN consists of Laurent power series in variable
θ1/N with coefficients in Z[τ±1]. The ring Â consists consists of formal infinite sums
∞∑
i=1
aiθ
si , ai ∈ Z[τ
±1],
where s1 < s2 < · · · is an ascending sequence of rational numbers having the
property limi→∞ si = +∞.
Definition 2.10 Let W be an arbitrary algebraic variety. Using a natural mixed
Hodge structure in cohomology groups H ic(W,C), (0 ≤ i ≤ 2d), we define the
number hp,q (H ic(W,C)) to be the dimension of the (p, q)-type Hodge component in
H ic(W,C). We set
ep,q(W ) :=
∑
i≥0
(−1)ihp,q
(
H ic(W,C)
)
and call
E(W ; u, v) :=
∑
p,q
ep,q(W )upvq,
the E-polynomial of W . By the usual Euler number of W we always mean
e(W ) := E(W ; 1, 1).
Remark 2.11 For our purpose, it will be very important that E-polynomials have
properties which are very similar to the ones of usual Euler numbers:
(i) if W = W1 ∪ · · · ∪ Wk is a disjoint union of Zariski locally closed subsets
W1, . . . ,Wk, then
E(W ; u, v) =
k∑
i=1
E(Wi; u, v);
6
(ii) if W =W1 ×W2 is a product of two algebraic varieties W1 and W2, then
E(W ; u, v) = E(W1; u, v) · E(W2; u, v);
(iii) if W admits a fibering over Z which is locally trivial in Zariski topology
such that each fiber of the morphism f : W → Z is isomorphic to the affine space
Cn, then
E(W ; u, v) = E(Cn; u, v) · E(Z; u, v) = (uv)nE(Z; u, v).
Definition 2.12 Let V ⊂W is a constructible subset in a complex algebraic variety
V . We write V as a union
V = W1 ∪ · · · ∪Wk
of pairwise nonintersecting Zariski locally closed subsets W1, . . . ,Wk. Then the
E-polynomial of V is defined as follows:
E(V ; u, v) :=
k∑
i=1
E(Wi; u, v).
Remark 2.13 Using 2.11(i), it is easy to check that the above definition does not
depend on the choice of the decomposion of V into a finite union of pairwise nonin-
tersecting Zariski locally closed subsets.
Now we define a non-Archimedian cylinder set measure on J∞(X).
Definition 2.14 C ⊂ J∞(X) be a cylinder set. We define the non-Archimedian
volume V olX(C) ∈ A1 of C by the following formula:
V olX(C) := E(Bl(C); τθ
−1, τ−1θ−1)θ(l+1)n ∈ A1,
where C = pi−1l (Bl(C)) and E(Bl(C); u, v) is the E-polynomial of the l-base Bl(C) ⊂
Jl(X). If C = ∅, we set V olX(C) := 0.
Remark 2.15 Using 2.5(i) and 2.11, one immediately obtains that V olX(C) does
not depend on the choice of an l-base Bl(C) and
‖V olX(C)‖ = e
2dimBl(C)−2(l+1)n.
In particular, one has the following properties
(i) If C1 and C2 are two cylinder sets such that C1 ⊂ C2, then
‖V olX(C1)‖ ≤ ‖V olX(C2)‖.
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(ii) If C1, . . . , Ck are cylinder sets, then
‖V olX(C1 ∪ · · · ∪ Ck)‖ =
k
max
i=1
‖V olX(Ci)‖.
(iii) if a cylinder set C is a finite disjoint union of cylinder sets C1, . . . , Ck, then
V olX(C) = V olX(C1) + · · ·+ V olX(Ck).
Definition 2.16 We say that a subset C ⊂ J∞(X) is measurable if for any pos-
itive real number ε there exists a sequence of cylinder sets C0(ε), C1(ε), C2(ε), · · ·
such that
(C ∪ C0(ε)) \ (C ∩ C0(ε)) ⊂
⋃
i≥1
Ci(ε)
and ‖V olX(Ci(ε))‖ < ε for all i ≥ 1. If C is measurable, then the element
V olX(C) := lim
ε→0
C0(ε) ∈ Â1
will be called the non-Archimedian volume of C.
Theorem 2.17 If C ⊂ J∞(X) is measurable, then limε→0C0(ε) exists and does not
depend on the choice of sequences C0(ε), C1(ε), C2(ε), · · ·.
Proof. The property 2.6 plays a crucial role in the proof of this theorem. For
details see [3], Theorem 6.18. ✷
The proof of the following statement is a standard exercise:
Proposition 2.18 Measurable sets possess the following properties:
(i) Finite unions, finite intersections of measurable sets are measurable.
(ii) If C is a disjoint union of nonintersecting measurable sets C1, . . . , Cm, then
V olX(C) = V olX(C1) + · · ·+ V olX(Cm).
(iii) If C is measurable, then the complement C := J∞(X) \ C is measurable.
(iv) If C1, C2, . . . , Cm, . . . is an infinite sequence of nonintersecting measurable
sets having the property
lim
i→∞
‖V olX(Ci)‖ = 0,
then
C =
∞⋃
i=1
Ci
is measurable and
V olX(C) =
∞∑
i=1
V olX(Ci).
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The next example shows that our non-Archimedian measure does not have all
properties of the standard Lebesgue measure:
Example 2.19 Let C ⊂ R = C[[t]] be the set consisting of all power series
∑
i≥0 ait
i
such that ai 6= 0 for all i ≥ 0. For any k ∈ Z≥0, we define Ck ⊂ R to be the set
consisting of all power series
∑
i≥0 ait
i such that ai 6= 0 for all 0 ≤ i ≤ k. We identify
R with J∞(C). Then every Ck ⊂ J∞(C) is a cylinder set and V olC(Ck) = (1−θ2)k+1.
Moreover, we have
C0 ⊃ C1 ⊃ C2 ⊃ · · · , and C =
⋂
k≥0
Ck.
However, the sequence
V olC(C0), V olC(C1), V olC(C2), . . .
does not converge in Â1.
Definition 2.20 We shall say that a subset C ⊂ J∞(X) has measure zero if for
any positive real number ε there exists a sequence of cylinder sets C1(ε), C2(ε), · · ·
such that C ⊂
⋃
i≥1Ci(ε) and ‖V olX(Ci(ε))‖ < ε for all i ≥ 1.
Definition 2.21 Let Z ⊂ X be a Zariski closed subvariety. For any point x ∈ Z,
we denote by OX,x the ring of germs of holomorphic functions at x. Let IZ,x ⊂ OX,x
be the ideal of germs of holomorphic functions vanishing on Z. We set
Jl(Z, x) := {y ∈ Jl(X, x) : g(y) = 0 ∀ g ∈ IZ,x}, l ≥ 1,
J∞(Z, x) := {y ∈ J∞(X, x) : g(y) = 0 ∀ g ∈ IZ,x}
and
J∞(Z) :=
⋃
x∈Z
J∞(Z, x).
The space J∞(Z) ⊂ J∞(X) will be called space of arcs with values in Z.
Proposition 2.22 Let Z be an arbitrary Zariski closed subset in a smooth irredi-
cible algebraic variety X. Then J∞(X,Z) ⊂ J∞(X) is measurable. Moreover, one
has
V olX(J∞(Z)) =
{
0 if Z 6= X
V olX(J∞(X)) if Z = X .
Proof. If Z 6= X , then the set J∞(Z) can be obtained as an intersection of cylinder
sets Ck such that ‖V olX(Ck)‖ ≤ e
−2k (see Theorem 6.22 in [3] and 3.2.2 in [8]). ✷
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3 Non-Archimedian integrals
Definition 3.1 By a measurable function F on J∞(X) we mean a function
F : M → Q, where M ⊂ J∞(X) is a subset such that J∞(X)\M has measure zero
and F−1(s) is measurable for all s ∈ Q. Two measurable functions Fi : Mi → Q
(i = 1, 2) on J∞(X) are called equal if F1(γ) = F2(γ) for all γ ∈ M1 ∩M2.
Definition 3.2 A measurable function F : M → Q is called exponentially in-
tegrable if the series ∑
s∈Q
‖V olX(F
−1(s))‖e−2s
converges. If F is exponentially integrable, then the sum∫
J∞(X)
e−F :=
∑
s∈Q
V olX(F
−1(s))θ2s ∈ Â
will be called the exponential integral of F over J∞(X).
Definition 3.3 Let D ⊂ Div(X) be a subvariety of codimension 1, x ∈ D a point,
and g ∈ OX,x the local equation for D at x. We set M(D) := J∞(X) \J∞(SuppD).
For any γ ∈ M(D), we denote by 〈D, γ〉x the order of the holomorphic function
g(γ(t)) at t = 0. The number 〈D, γ〉x will be called the intersection number of
D and γ at x ∈ X . We define the function FD : M(D)→ Z as follows:
FD(γ) =
{
0 if pi0(γ) = x 6∈ D
〈D, γ〉x if pi0(γ) ∈ D
Remark 3.4 Using the property 〈D′+D′′, γ〉x = 〈D′, γ〉x+〈D′′, γ〉x, we extend the
definition of FD to an arbitraryQ-Cartier divisorD: ifD =
∑m
i=1 aiDi ∈ Div(X)⊗Q
is a Q-linear combination of irreducible subvarieties D1, . . . , Dm, then we set
FD :=
m∑
i=1
aiFDi .
It is easy to show that measurable functions form a Q-vector space and D ⊂
Div(X) ⊗ Q can be identified with its Q-subspace, since FD : M(D) → Q is
mesurable for all D ⊂ Div(X)⊗Q
The following theorem describes a transformation law for exponential integrals
under proper birational morphisms:
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Theorem 3.5 Let ρ : Y → X be a proper birational morphism of smooth complex
algebraic varieties, D =
∑r
i=1 diDi ∈ Div(Y ) the Cartier divisor defined by the
equality
KY = ρ
∗KX +
r∑
i=1
diDi.
Denote by ρ∞ : J∞(Y )→ J∞(X) the mapping of spaces of arcs induced by ρ. Then
a measurable function F is exponentially integrable if an only if F ◦ ρ∞ + FD is
exponentially integrable. Moreover, if the latter holds, then∫
J∞(X)
e−F =
∫
J∞(Y )
e−F◦ρ∞−FD .
Proof. The proof of theorem 3.5 is based on the equality V olY (C) = V olX(ρ∞(C))θ2a,
where C is a cylinder set in J∞(Y ) such that FD(γ) = a for all γ ∈ C (see for details
Theorem 6.27 in [3] and Lemma 3.3 in [8]). ✷
Theorem 3.6 Let D := a1D1+ · · ·+amDm ∈ Div(X)⊗Q be a Q-divisor. Assume
SuppD is a normal crossing divisor. Then FD is exponentially integrable if and
only ai > −1 for all i ∈ {1, . . . , m}. Moreover, if the latter holds, then∫
J∞(X)
e−FD =
∑
J⊂I
E(D◦J ; τθ
−1, τ−1θ−1)(θ−2 − 1)|J |
∏
j∈J
1
1− θ2(1+aj )
Proof. The set M(D) ⊂ J∞(X) splits into a countable union of pairwise nonin-
tersecting cylinder sets whose non-Archimedian volume can be computed via E-
polynomials of the starta D◦J (see for details Theorem 6.28 in [3] and Theorem 5.1
in [8]).
✷
Definition 3.7 Let (X,∆X) be a Kawamata log terminal pair. Consider a log
resolution ρ1 : Y → X and write
KY = ρ
∗(KX +∆X) +
m∑
i=1
a(Di,∆X)Di.
Using the notations from 1.4, we define
Est(X,∆X) :=
∑
J⊂I
E(D◦J ; u, v)
∏
j∈J
uv − 1
(uv)al(Dj ,∆X) − 1
.
The function Est(X,∆X ; u, v) will be called stringy E-function of (X,∆X).
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Theorem 3.8 Let (X,∆X) be a Kawamata log terminal pair. Then the E-function
of (X,∆) does not depend on the choice of a log resolution.
Proof. Let ρ1 : Y1 → X and ρ2 : Y2 → X be two log resolutions of singularities
such that
KY1 = ρ
∗
1(KX +∆X) +D1, KY2 = ρ
∗
2(KX +∆X) +D2
where
D1 =
r1∑
i=1
a(D′i,∆X)D
′
i and D2 =
r2∑
i=1
a(D′′i ,∆X)D
′′
i
and all discrepancies a(D′i,∆X), a(D
′′
i ,∆X) are > −1. Choosing a resolution of
singularities ρ0 : Y0 → X which dominates both resolutions ρ1 and ρ2, we obtain
two morphisms α1 : Y0 → Y1 and α2 : Y0 → Y2 such that ρ0 = ρ1 ◦ α1 = ρ2 ◦ α2.
We set F := FD0 , where D0 = KY0 − ρ
∗
0(KX +∆X). Since
KY0 − ρ
∗
0(KX +∆X) = (KY0 − α
∗
iKYi) + α
∗
iDi, (i = 1, 2),
we obtain ∫
J∞(Y1)
e−FD1 =
∫
J∞(Y0)
e−FD0 =
∫
J∞(Y2)
e−FD2 (see 3.5).
It follows from 3.6 that∫
J∞(Yi)
e−FDi = Est(X,∆X ; τθ−1, τ−1θ−1), i ∈ {0, 1, 2}.
Making the substitutions u = τθ−1, v = τ−1θ−1, we obtain that the definition of the
stringy E-function Est(X,∆X ; u, v) does not depend on the choice of log resolutions
ρ1 and ρ2. ✷
Proof of Theorem 1.5: The statement immediately follows from 3.8 using the
equality
est(X,∆X) = lim
u,v→1
Est(X,∆X ; u, v).
✷
4 Log pairs on toric varieties
Let X be a normal toric variety of dimension n associated with a rational polyhedral
fan Σ ⊂ NR = N ⊗ R, where N is a free abelian group of rank n. Denote by X(σ)
the torus orbit in X corresponding to a cone σ ∈ Σ (codimXXσ = dimσ). Let X(σ)
be the Zariski closure of X(σ). Then the torus invariant Q-divisors are Q-linear
combinations of the closed strata X(σ
(1)
1 ), . . . , X(σ
(1)
k ), where Σ
(1) := {σ
(1)
1 , . . . , σ
(1)
k }
is the set of all 1-dimensional cones in Σ. We denote by e1, . . . , ek the primitive
lattice generators of the cones σ
(1)
1 , . . . , σ
(1)
k and set ∆i := X(σ
(1)
i ) i ∈ {1, . . . , k}.
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Definition 4.1 Let ϕK,∆ : NR → R≥0 be a continious function satisfying the
conditions
(i) ϕK,∆(N) ⊂ Q;
(ii) ϕK,∆ is linear on each cone σ ∈ Σ;
(iii) ϕK,∆(p) > 0 for all p ∈ N \ {0}.
Then we define a Q-divisor ∆X ∈ Zn−1(X) associated with ϕK,∆ as follows:
∆X :=
k∑
i=1
(1− ϕK,∆(ei))∆i.
Remark 4.2 It is well-known that the canonical class KX of a toric variety X is
equal to −(∆1 + · · ·+∆k). The above definition of ∆X implies that KX +∆X is a
Q-Cartier divisor on X corresponding to the Σ-piecewise linear function −ϕK,∆.
The following statement is well-known in toric geometry (see e.g. [16] §5-2):
Proposition 4.3 Let ρ : X ′ → X be a toric desingularization of X, which is
defined by a subdivision Σ′ of the fan Σ. Denote by {D1, . . . , Dm} the set of all
irreducible torus invariant strata on Y corresponding to primitive lattice generators
e′1, . . . , e
′
m of 1-dimensional cones σ
′ ∈ Σ′. Then
∑m
i=1Di is a normal crossing
divisor and one has
KX′ = ρ
∗(KX +∆X) +
m∑
i=1
a(Di,∆X)Di,
where a(Di,∆X) = ϕK,∆(e
′
i)− 1 ∀i ∈ {1, . . . , m}.
Corollary 4.4 Let ϕK,∆ be a Σ-piecewise linear function as in 4.1. Then the pair
(X,∆X) is Kawamata log termial.
Denote by σ◦ the relative interior of σ (we put σ◦ = 0, if σ = 0). We give the
following explicit formula for the function Est(X,∆X ; u, v):
Theorem 4.5
Est(X,∆X ; u, v) = (uv − 1)
n
∑
σ∈Σ
∑
p∈σ◦∩N
(uv)−ϕK,∆(p) = (uv − 1)n
∑
p∈N
(uv)−ϕK,∆(p).
Proof. Let T ⊂ X be an algebraic torus acting on X , ∂X := X \ T its complement.
Choose an isomorphism N ∼= Zn and write p = (p1, . . . , pn) ∈ Z
n. Denote by K :=
C((t)) the field of Laurent power series and define a cylinder subset Cp ⊂ J∞(X) as
follows:
Cp := {(x1(t), . . . , xn(t)) ∈ K
n : Ordt=0xi(t) = pi, 1 ≤ i ≤ n}.
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Consider the subset M(∂X) ⊂ J∞(X) consisting of all arcs which are not contained
in J∞(∂X). Then M(∂X) splits into a disjoint union
M(∂X) =
⋃
p∈N
Cp.
Let ρ : X ′ → X be a toric desingularization of X , and
KX′ = ρ
∗(KX +∆X) +
m∑
i=1
a(Di,∆X)Di.
By definition, we have
Est(X,∆X ; τθ
−1, τ−1θ−1) =
∫
J∞(X′)
e−FD ,
where
D =
m∑
i=1
a(Di,∆X)Di.
Now we notice that FD is constant on each cylinder set Cp (p ∈ N) and
V ol(Cp)θ
2F (Cp) = (θ−2 − 1)nθ2ϕK,∆(p).
Summing over p ∈ N and making the substitution u = τθ−1, v = τ−1θ−1, we come
to the required formula. ✷
Definition 4.6 Let X be an arbitary n-dimensional normal toric variety defined
by a fan Σ, and X + ∆X a torus invariant Q-Cartier divisor corresponding to a
Σ-piecewise linear function ϕK,∆. Denote by Σ
(n) the set of all n-dimensional cones
in Σ. Let σ ∈ Σ(n) be a cone. Define ∆-shed of σ to be the pyramid
shed∆σ = σ ∩ {y ∈ N ⊗ R : ϕK,∆(y) ≤ 1}.
Furthermore, define ∆-shed of Σ to be
shed∆Σ =
⋃
σ∈Σ(n)
shed∆σ.
Definition 4.7 Let σ ∈ Σ(n) be an arbitrary cone. Define vol∆(σ) to be the volume
of shed∆σ with respect to the lattice N ⊂ NR multiplied by n!. We set
vol∆(Σ) :=
∑
σ∈Σ(n)
vol∆(σ).
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Definition 4.8 Let X0, X , X
+ be n-dimensional normal projective toric vari-
eties. Denote by Σ (resp. by Σ+) the fan defining X (resp. X+). Let (X,∆X)
(resp. (X+,∆X+)) be a torus invariant Kawamata log terminal pair defined by a
Σ-piecewise linear (resp. Σ+-piecewise linear) function ϕK,∆ (resp. ϕ
+
K,∆). Assume
that we are given two equivariant projective birational toric morphisms α : X → X0
and β : X+ → X0 such that −(KX + ∆X) is α-ample , KX+ + ∆X+ is β-ample,
and both α and β are isomorphisms in codimension 1. Then the birational rational
map ψ := β−1 ◦ α : (X,∆X) 99K (X+,∆X+) is called a toric log flip with respect
to a Q-Cartier divisor KX +∆X .
Proposition 4.9 Let ψ : (X,∆X) 99K (X
+,∆X+) be a toric log (KX + ∆X)-flip
as above. Then
vol∆(Σ) > vol∆(Σ
+).
Proof. Using a toric interpretation of ampleness via a combinatorial convexity, one
obtains from the definition of toric log flips that ϕK,∆(p) ≤ ϕ
+
K,∆(p) for all p ∈ N
and there exists a n-dimensional cone σ ∈ Σ(n) such that ϕK,∆(p) < ϕ
+
K,∆(p) for all
interior lattice points p ∈ σ ∩N . This implies the statement (cf. [3], Prop. 4.9).
✷
Proposition 4.10 Let X be an arbitary n-dimensional normal toric variety defined
by a fan Σ, and X +∆X a torus invariant Q-Cartier divisor corresponding to a Σ-
piecewise linear function ϕK,∆. Then
est(X,∆X) = vol∆(Σ).
Proof. The statement follows from the formula in 4.5 using the same arguments as
in the proof of Prop. 4.10 in [3]. ✷
Corollary 4.11 Let (X,∆) 99K (X+,∆X+) be a toric log flip. Then
est(X,∆X) > est(X
+,∆X+).
5 Canonical abelianization
Let G be a finite group, V a smooth n-dimensional algebraic variety over C having a
regular effective action ofG. If x ∈ V is an arbitrary point, then by StG(x) we denote
the stabilizer of x in G. For any element g ∈ G we set V g := {x ∈ V : gx = x}.
Definition 5.1 Let D =
∑m
i=1 diDi ∈ Div(V )
G ⊗ Q an effective G-invariant Q-
divisor on a G-manifold V . A pair (V,D) will be called G-normal if the following
conditions are satisfied:
(i) SuppD is a union of normal crossing divisors D1, . . . , Dm;
(ii) for any element g ∈ G and any irredicible component Di of D, the divisor
Di is StG(x)-invariant for all x ∈ V
g ∩ Di (i.e., h(Di) = Di ∀h ∈ StG(x), but the
StG(x)-action on Di itself may be nontrivial).
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Theorem 5.2 Let (V,D) be a G-normal pair. Then, using a canonically deter-
mined sequence of blow ups of G-invariant submanifolds, one obtains a G-normal
pair (V ab, Dab) and a projective birational G-morphism ψ : V ab → V having the
properties:
(i) Dab = (KV ab − ψ
∗KV ) + ψ∗D;
(ii) for any point x ∈ V ab the stabilizer StG(x) is an abelian subgroup in G.
Proof. Let Z(V,G) ⊂ V be the set of all points x ∈ V such that StG(x) is not
abelian. If Z(V,G) is empty, then we are done. Assume that Z(V,G) 6= ∅. We set
s(V,G) := max
x∈Z(V,G)
|StG(x)|.
Consider a Zariski closed subset
Zmax(V,G) := {x ∈ Z(V,G) : |StG(x)| = s(V,G)} ⊂ Z(V,G).
We claim that the set Zmax(V,G) ⊂ V is a smooth G-invariant subvariety of codi-
mension at least 2. By definition, Zmax(V,G) is a union of smooth subvarieties
F (H) := {x ∈ V : gx = x ∀g ∈ H},
where H runs over all nonabelian subgroups of G such that |H| = s(V,G). This im-
plies that Zmax(V,G) is G-invariant. Since the G-action is effective and dimF (H) =
n − 1 is possible only for cyclic subgroups H ⊂ G, we obtain dimZmax(V,G) ≤
n − 2. It remains to observe that any two subvarieties F (H1), F (H2) ⊂ V must
either coincide, or have empty intersection. Indeed, if x ∈ F (H1) ∩ F (H2), then
H1, H2 ⊂ StG(x). Since |H1|, |H2| are maximal, we obtain H1 = H2 = StG(x); i.e.,
F (H1) = F (H2).
We set V0 := V , D0 := D and define V1 to be the G-equivariant blow-up of
V0 with center Zmax(V,G). Denote by ϕ1 : V1 → V0 the corresponding projective
birational G-morphism. It is obvious that the support of D1 = KV1 − ϕ
∗
1(KV −D)
is a normal crossing divisor. If x ∈ V g1 ∩ E, where E is a connected component
of an ϕ1-exceptional divisor, then StG(x) ⊂ StG(ϕ(x)). Since ϕ(E) is a connected
component of a smooth subvariety Zmax(V,G), ϕ(E) must be StG(ϕ(x))-invariant.
Hence, we conclude that (V1, D1) is a G-normal pair. If Z(V1, G) = ∅, then we
are done. Otherwise we apply the same procedure to the G-normal pair (V1, D1),
where D1 = φ
∗
1D0, and construct in the same way a next G-equivariant blow-up
ϕ2 : V2 → V1 . . . etc.
It remains to show that the above procedure terminates. For this purpose, it
suffices to show that s(Vi, G) < s(V0, G) for some i > 0. Assume that s(V0, G) =
s(Vi, G) for all i > 0. Then there exist points xi ∈ Vi (i ≥ 0) such that ϕi(xi) =
xi−1 and StG(xi) = StG(xi−1) (i ≥ 1). Let S(xi) be the set of those irreducible
components of SuppDi which are StG(xi)-invariant and contain xi. We denote
by n(xi) the cardinality of S(xi) and denote by D(xi) ⊂ Vi the intersection of all
divisors from S(xi). Then F (StG(xi)) ⊂ D(xi). If F (StG(xi)) 6= D(xi), then the
point n(xi+1) = n(xi) + 1 (we obtain one more component from the ϕi-exceptional
16
divisor over F (StG(xi))). Since n(xi) ≤ n for all i ≥ 0, there exists a positive number
k such that n(xk) = n(xk+j) for all j ≥ 0. So we obtain F (StG(xk+j)) = D(xk+j) for
all j ≥ 0. The latter means that the action of StG(xk) on the tangent space to xk in
Vk splits into a direct sum of n(xk) 1-dimensional representations and a (n−n(xk))-
dimensional trivial representation. Since the action of StG(xk) is effective, the group
StG(xk) must be abelian. Contradiction. ✷
Definition 5.3 Let (V,D) be a G-normal pair. Then the G-normal pair (V ab, Dab)
obtained in 5.2 will be called canonical abelianization of a G-normal pair (V,D).
Remark 5.4 If the stabilisator StG(x) ⊂ G of every point x ∈ V is already abelian,
then one can’t expect that G-equivariant blow ups of smooth subvarieties Z ⊂ V
could simplify singularities of the quotient-space V/G.
Here is the following simplest example: Let V := C2 and G = 〈g〉 is a cyclic
group of order 5 whose generator g acts by the diagonal matrix with the eigenvalues
e2pi
√−1/5, e4pi
√−1/5. Let V ′ be the blow up of C2 at 0. Then V ′ has a natural covering
by two open subsets V ′1 and V
′
2 such that V
′
1
∼= V ′2 ∼= C
2 and the G-action on one of
these subsets coincides with the original G-action on V .
6 Orbifold E-functions
Definition 6.1 Let D =
∑m
j=1 djDj be a G-invariant effective divisor on a smooth
G-variety V such that (V,G) is a G-normal pair. Take an arbitrary element g ∈ G
and a connected component W of V g. Choose a point x ∈ W and local g-invariant
coordinates z1, . . . , zn at x so that irreducible components of SuppD containing x
are defined by local equations zi = 0 for some i ∈ {1, . . . , n}. Let δi(1 ≤ i ≤ n) be
the multiplicity of D along {zi = 0} ({δ1, . . . , δn} ⊂ {0, d1, . . . , dm}), and e
2pi
√−1αi
(1 ≤ i ≤ n) the eigenvalue of the g-action on zi ({α1, . . . , αn} ⊂ Q ∩ [0, 1)). We
define the D-weight of g at W as
wt(g,W,D) :=
n∑
i=1
αi(δi + 1).
If D = 0, then
wt(g,W ) := wt(g,W, 0) =
n∑
i=1
αi
will be called simply the weight of g at W . Let Ig be the subset of g-fixed elements
in I := {1, . . . , m}. For any subset J ⊂ Ig we set
F (g,W,D◦J ; u, v) :=
∏
j∈J
uv − 1
(uv)dj+1 − 1
E(WJ ; u, v),
where WJ is the geometric quotient of W ∩D
◦
J modulo the subgroup C(g,W, J) ⊂
C(g) consisting of those elements in the centralizer of g which leave the component
W ⊂ V g and the subset J ⊂ Ig invariant.
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Remark 6.2 We note that wt(g,W,D) does not depend on the choice of a point
x ∈ W . Moreover, if h ∈ C(g) is an element in the centralizer of g and W ′ = hW
is another connected component of V g, then wt(g,W ′, D) = wt(g,W,D).
Definition 6.3 We define the orbifold E-function of a G-normal pair (V,D)
by the formula:
Eorb(V,D,G; u, v) =
∑
{g}
∑
{W}
(uv)wt(g,W,D)
∑
J⊂Ig
F (g,W,D◦J ; u, v),
where {g} runs over all conjugacy classes in G, and {W} runs over the set of
representatives of all C(g)-orbits in the set of connected components of V g.
In the case D = 0, we call
Eorb(V,G; u, v) := Eorb(V, 0, G; u, v) =
∑
{g}
∑
{W}
(uv)wt(g,Wi)E(W/C(g,W ); u, v),
the orbifold E-function of a G-manifold V (here C(g,W ) is the subgroup of all
elements in C(g) which leave the component W ⊂ V g invariant).
Remark 6.4 Using the equalities
1
|G|
∑
g∈G
∑
h∈C(g)
e(V g ∩ V h) =
∑
{g}⊂G
1
|C(g)|
∑
h∈C(g)
e(V g ∩ V h) =
∑
{g}⊂G
e(V g/C(g)),
one immediately obtains that Eorb(V,G; 1, 1) equals the physicists’ orbifold Euler
number e(V,G) (see 1.8).
Example 6.5 Let G := µd a cyclic group of order d acting by roots of unity on
V := C. Then the corresponding orbifold E-function equals
Eorb(V,G; u, v) = uv +
d−1∑
k=1
(uv)k/d = (uv)1/d + (uv)2/d + · · ·+ (uv)d−1/d + uv.
Lemma 6.6 Let V := Cr and g ∈ GL(r,C) a linear authomorphism of finite order.
Denote by V ′ the blow up of V at 0. Let D ∼= Pr−1 be the exceptional divisor in V ′
and {W1, . . . ,Ws} the set of connected components of D
g. Then
s∑
i=1
(uv)wt(g,Wi,D)
uv − 1
(uv)r − 1
E(Wi; u, v) = (uv)
wt(g,V g).
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Proof. Let {e2pi
√−1αi} (1 ≤ i ≤ n) be the set of the eigenvalues of g-action. Without
loss of generality, we assume 0 ≤ α1 ≤ · · · ≤ αn < 1. We write the number r as a
sum of s positive integers k1 + · · ·+ ks where the numbers k1, . . . , ks are defined by
the conditions
αi = αi+1 ⇔ ∃j ∈ {1, . . . , s} : k1 + · · ·+ kj ≤ i < k1 + · · ·+ kj + kj+1
and
αi < αi+1 ⇔ ∃j ∈ {1, . . . , s} : i+ 1 = k1 + · · ·+ kj.
Then Dg is a union of s projectives linear subspaces W1, . . . ,Ws, where Wj ∼=
Pki−1 (j ∈ {1, . . . , s}). By definition, we have wt(g, V g) =
∑n
i=1 αi. By direct
computations, one obtains wt(g,Wj, D) = k1 + · · ·+ kj−1 +
∑r
i=1 αi. Hence,∑
Wi⊂Dg
(uv)wt(g,Wi,D)E(Wi; u, v) = (uv)
wt(g,V g)
s∑
j=1
(uv)k1+···+kj−1E(Pkj−1; u, v) =
(uv)wt(g,V
g)
s∑
j=1
(uv)k1+···+kj−1(1 + (uv) + · · ·+ (uv)kj−1) =
(uv)wt(g,V
g)
r−1∑
l=0
(uv)l = (uv)wt(g,V
g) (uv)
r − 1
uv − 1
.
This completes the proof. ✷
Lemma 6.7 Let V and W be two smooth algebraic varieties having a regular action
of a finite group G. Assume that V is a Zariski locally trivial Pr-bundle over W
such that the canonical projection pi : V →W is G-equivariant. Then
E(V/G; u, v) =
(uv)r − 1
uv − 1
E(W/G; u, v).
Proof. Let H ⊂ G be a subgroup and W (H) := {x ∈ W : StG(x) = H}. Then
W ⊂W is a locally closed subvariety, and W admits a G-invariant stratification by
locally closed strata
W =
⋃
{H}
W ({H}),
where {H} runs over the conjugacy classes of all subgroups in G and W ({H}) :=⋃
H′∈{H}W (H
′). Denote V ({H}) := pi−1(W ({H})). Then V ({H}) is aG-equivariant
Pr-bundle over W ({H}) and we have isomorphisms V ({H})/G ∼= V (H)/N(H),
W ({H})/G ∼= W (H)/N(H), where W (H) := pi−1(W (H)) and N(H) is the nor-
malizer of H in G. Since V (H) is a N(H)-equivariant Pr-bundle over W (H),
it suffices to prove our statement for the case G = N(H), W = W (H), and
V = V (H). Furthermore, we can restrict ourselves to the case when W is ir-
reducible and N(H) leaves W invariant. The last conditions imply N(H) = H .
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Therefore, W/G = W and the H-action on leaves each fiber of pi invariant. Hence,
E(V/G; u, v) = E(Pr/H ; u, v)E(W ; u, v). Since all cohomology groups of Pr have
rank 1 and they are generated by an effective algebraic cycle, we get E(Pr/H ; u, v) =
E(Pr; u, v). Thus, we have obtained the required formula for E(Pr/H ; u, v). ✷
Theorem 6.8 Let (V,G) be a G-normal pair, Z ⊂ V a smooth G-invariant sub-
variety such that after the G-equivariant blow up ψ : V ′ → V with center in Z
one obtains a G-normal pair (V ′, D′), where D′ the effective divisor defined by the
equality
KV ′ = ψ
∗(KV −D) +D′.
Then
Eorb(V,D,G; u, v) = Eorb(V
′, D′, G; u, v).
Proof. Let Z1, . . . , Zk be the set of connected components of Z and D1, . . . , Dm
the set of irreducible components of SuppD. Then SuppD′ = ψ−1(SuppD) ∪
Dm+1 ∪ · · · ∪ Dm+k, where Dm+1, . . . , Dm+k are irreducible ψ-exceptional divisors
over Z1, . . . , Zk. It suffices to prove the equality
∀g ∈ G :
∑
{W}
(uv)wt(g,W,D)
∑
J⊂Ig
F (g,W,D◦J ; u, v) =
=
∑
{W ′}
(uv)wt(g,W
′,D′)
∑
J ′⊂(I′)g
F (g,W ′, (D′)◦J ′ ; u, v),
where I ′ = I ∪ {m + 1, . . . , m + k}. We note that the G-equivariant mapping
ψ (V ′)g → V g is surjective. Therefore, it suffices to prove the equality
(uv)wt(g,W,D)
∑
J⊂Ig
F (g,W,D◦J ; u, v) =
l∑
i=1
(uv)wt(g,W
′
i ,D
′)
∑
J ′⊂(I′)g
F (g,W ′i , (D
′)◦J ′; u, v),
where W is a given connected component of V g and W ′1, . . . ,W
′
l are all connected
components of (V ′)g such that ψ(W ′i ) ⊂ W (1 ≤ i ≤ k). Since ψ is an isomor-
phism over W \W ∩Z and the ψ-exceptional divisors Dm+1, . . . , Dm+k are pairwise
nonintersecting, it suffices to prove the equality
(uv)wt(g,W,D)F (g,W ∩ Zj, D
◦
J ; u, v) =
l∑
i=1
(uv)wt(g,W
′
i ,D
′)F (g,W ′i ∩Dm+j , (D
′)◦J ′; u, v),
where j ∈ I and J ′ = J ∪ {j +m}. The last equality follows from Lemmas 6.6 and
6.7 using the fact that each W ′i ∩Dm+j is a locally trivial P
ki-bundle over W ∩ Zj .
✷
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7 Main theorems
Let V be a smooth n-dimensional algebraic variety, G a finite group acting by
regular authomorphism on V , X := V/G it geometric quotient, and φ : V → X the
corresponding finite morphism. Then G acts on the set of irreducible components of
the ramification divisor Λ on V . Denote by {Λ1, . . . ,Λk} the set of representatives of
G-orbits in the set of irreducible components of SuppΛ. Let ν1−1, . . . , νk−1 be the
multiplicities of Λ1, . . . ,Λk in Λ (the number νi equals the order of the cyclic intertia
subgroup StG(Λi) ⊂ G). Since φ : V → X is a Galois covering, the multiplicity
νi − 1 of Λi depends only on the G-orbit of Λi in SuppΛ. We set ∆i := φ(Λi)
(1 ≤ i ≤ k) and consider the pair (X,∆X), where
∆X :=
k∑
i=1
(
νi − 1
νi
)
∆i ∈ Zn−1(X)⊗Q.
By the ramification formula, we have
φ∗(KX +∆X) = φ∗KX + Λ = KV .
Proposition 7.1 The pair (X,∆X) is Kawamata log terminal.
Proof. Let ρ : Y → X be a log resolution of singularities of (X,∆X) and
KY = ρ
∗(KX +∆X) +
∑
i
a(Di,∆X)Di.
We consider the fiber product V1 := V ×X Y . Then V1 has a natural finite Galois
morphism φ1 : V1 → Y and a natural birational G-morphism ρ1 : V1 → V . We
write
KV1 = ρ
∗
1KV +
m∑
j=1
a(Ej , 0)Ej,
where Ej runs over irreducible exceptional divisors of ρ1.
By definition, the multiplicity of any irreducible component ∆i of ∆ is equal
to (νi − 1)/νi < 1. Therefore, a(Di,∆X) = −(νj − 1)/νj > −1 if ρ(Di) coincides
with an irreducible component ∆j of Supp∆. Now consider the case when ρ(Di)
is not an irreducible component of Supp∆. Denote by Ej an irreducible divisor
on V1 such that φ1(Ej) = Di ⊂ Y . Let rj be the ramification index of φ1 along
Ej . By the ramification formula, one has a(Ej, 0) + 1 = rj(a(Di,∆X) + 1). Since
V is smooth, we have a(Ej , 0) ≥ 1 for all j ∈ {1, . . . , m}. Therefore, a(Di,∆X) =
a(Ej , 0) + 1/rj − 1 > −1. ✷
Definition 7.2 Let V be a smooth algebraic variety having a regular action of a
finite group G, and (X,∆X) the pair constructed above. Then we call (X,∆X) the
Kawamata log terminal pair associated with (V,G).
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Example 7.3 Let G := µd a cyclic group of order d acting by roots of unity on
V := C. Then X = V/G ∼= C and ∆X =
d−1
d
x0, where x0 ∈ X is the zero point.
The stringy E-function of (X,∆X) equals
Est(X,∆X ; u, v) = (uv− 1)+
uv − 1
(uv)1/d − 1
= (uv)1/d+ (uv)2/d+ · · ·+ (uv)d−1/d+ uv.
Thus, it coincides with the orbifold E-function from Example 6.5.
Our next statements show the last phenomenon in more general situations:
Lemma 7.4 Let G ⊂ GL(n,C) be a finite abelian subgroup acting by diagonal ma-
trices on V := Cn, and (X,∆) the Kawamata log terminal pair associated with
(V,G). Then
Est(X,∆X ; u, v) = Eorb(V,G; u, v).
Proof. First, we remark that the ramification locus SuppΛ is contained in the union
of the coordinate hyperplanes Λi := {zi = 0} ⊂ C
n (1 ≤ i ≤ n). Therefore, we can
write Λ =
∑n
i=1 νiΛi, where νi ≥ 1 (1 ≤ i ≤ n). Second, we note that X is a normal
affine toric variety corresponding to the cone σ := Rn≥0 and the lattice
N := Zn +
∑
g∈G
Z(α1(g), . . . , αn(g)),
where e2pi
√−1α1(g), . . . , e2pi
√−1αn(g) are the eigenvalues of g, {α1(g), . . . , αn(g)} ∈ Q∩
[0, 1). Moreover, ∆X is a torus invariant divisor on X . Let us denote by {e1, . . . , en}
the standard basis of Zn. Then the Q-divisor KX + ∆X corresponds to a linear
function ϕK,∆ which has value 1 on each ei (1 ≤ i ≤ n). By 4.4, (X,∆X) is a torus
invariant Kawamata log terminal pair. By 4.5, we obtain
Est(X,∆X ; u, v) = (uv − 1)
n
∑
p∈N∩σ
(uv)−ϕK,∆.
We set fi := (1/νi)ei (1 ≤ i ≤ n). Then the system of vectors {f1, . . . , fn} ⊂ N
generates a sublattice N ′ ⊂ N containing Zn. Denote by R := {v1, . . . , vr} ⊂ N
the set of representatives of N/N ′, where each element v ∈ R has a form v =∑n
i=1 λi(v)fi (0 ≤ λi < 1). Then, by summing a multidimensional geometric series,
we obtain
(uv − 1)n
∑
p∈(v+N ′)∩σ
(uv)−ϕK,∆ = (uv − 1)n
(
(uv)−
∑n
i=1 λi(v)/νi
) n∏
i=1
1
1− (uv)−1/νi
(we used the property ϕK,∆(fi) = 1/νi, 1 ≤ i ≤ n). Thus, we have
Est(X,∆X ; u, v) =
(∑
v∈R
(uv)−
∑n
i=1 λi(v))/νi
)
n∏
i=1
(uv − 1)
1− (uv)−1/νi
=
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(uv)n
(∑
v∈R
(uv)−
∑n
i=1 λi(v))/νi
)
n∏
i=1
(
1 + (uv)−1/νi + · · ·+ (uv)−(ν−1)/νi
)
=
= (uv)n
∑
g∈G
(uv)−
∑n
i=1 αi(g) = Eorb(V,G; u, v).
✷
Now we come to our main theorem:
Theorem 7.5 Let G be a finite group acting regularly on a smooth algebraic variety
V and (X,∆) the Kawamata log terminal pair associated with (V,G). Then
Est(X,∆X ; u, v) = Eorb(V,G; u, v).
Proof. Let (V ab, D) be the canonical abelianization of the G-normal pair (V, 0), D =
KV ab −ψ
∗KV =
∑m
i=1 diDi. Denote by φ
ab the finite morphism V ab → Y := V ab/G.
Then ψ induces a birational proper morphism ψ : Y → X which can be considered
as a partial desingularization of X . Let W1, . . . ,Wl be representatives of G-orbits
in the set {D1, . . . , Dm} (l ≤ m), and W 1, . . . ,W l their φ
ab-images in Y . By the
ramification formula, we have
KY = (ψ)
∗(KX +∆X) +
l∑
j=1
(
dj + 1
rj
− 1
)
W j +
l+k∑
i=l+1
(
1
νi
− 1
)
Wi,
where Wl+i is the φ
ab-image of ψ−1(Λi) ⊂ V ab in Y , and rj is the order of the
ramification of Wj over W j . We set I1 := {1, . . . , }, I2 := {l + 1, . . . , l + k} and
I := I1 ∪ I2. For any subset J ⊂ I we set J1 = I1 ∩ J and J2 = I2 ∩ J . Denote by
G(J) the G-stabilizer of a point x ∈ V ab such that φab(x) ∈ W
◦
J and set
S(J ; u, v) :=
∑
g∈G(J)
(uv)wt(g,x,D).
It is easy to see that if x′ ∈ V ab is another point such that φab(x′) ∈ W
◦
J , then
StG(x
′) is conjugate to StG(x), i.e., G(J) depends only on J , but not on the choice
of a point x ∈ (φab)−1(W
◦
J). Let G
′(J) be the subgroup in G(J) generated by the
cyclic inertia subgroups StG(Wj) (j ∈ J1) and StG(ψ
−1(Λj−l)) (j ∈ J2); i.e., we have
G′(J) ∼=
∏
j∈J1 µrj
∏
j∈J2 µνj , and
S ′(J ; u, v) :=
∑
g∈G′(J)
(uv)wt(g,x,D) =
∏
j∈J1
(uv)dj+1 − 1
(uv)(dj+1)/rj − 1
∏
j∈J2
uv − 1
(uv)1/νj − 1
(1)
By 6.8, we have
Eorb(V,G; u, v) = Eorb(V
ab, D,G; u, v) =
∑
J⊂I
S(J ; u, v)
∏
j∈J1
uv − 1
(uv)dj+1 − 1
E(W
◦
J ; u, v).
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Since the singularities along W
◦
J are toroidal (cf. [5]), in follows from 7.4 that
Est(X,∆X ; u, v) =
∑
J⊂I
S(J ; u, v)
∏
j∈J1
uv − 1
(uv)(dj+1)/rj − 1
∏
j∈J2
uv − 1
(uv)1/νj − 1
E(W
◦
J ; u, v),
where S(J ; u, v)S ′(J ; u, v) = S(J ; u, v). It remains to apply (1). ✷
Proof of Theorem 1.9: The statement immediately follows from 6.4 and 7.5 by
taking limits:
est(X,∆X) = lim
u,v→1
Est(X,∆X ; u, v) = lim
u,v→1
Eorb(V,G; u, v) = e(V,G).
✷
Corollary 7.6 Let X be a normal complex algebraic surface with at worst log ter-
minal singularities. Then
est(X) = e(X \Xsing) +
∑
x∈Xsing
cx,
where cx is the number of conjugacy classes in the local fundamental group of X\{x}.
In particular, est(X) is always an integer.
Proof. It is well-known that a germ of a singular point x ∈ Xsing is isomor-
phic to a germ of 0 in C2/Gx where Gx ⊂ GL(2,C) is a finite subgroup ( Gx
is isomorphic to the local fundamental group of X \ {x}). Therefore, we have
J∞(X, x) ∼= J∞(C2/Gp, 0). Let ρ : Y → X be a resolution of singularities,
D1, . . . , Dm are exceptional divisors over x ∈ X , {a1, . . . , am} their discrepancies,
and I = {1, . . . , m}. By 1.5 and 1.9, the number
est(x) :=
∑
J⊂I
e(D◦J)
∏
j∈J
1
aj + 1
does not depend on the choice of a resolution and equals cx. ✷
8 Cohomological McKay correspondence
Definition 8.1 Let G ⊂ SL(n,C) be a finite subgroup acting linearly on V := Cn
and X := V/G. A resolution of singularities ρ : Y → X is called crepant if the
canonical class KY is trivial.
Proposition 8.2 Let C∗ × X → X be the regular C∗-action on X induced by the
action of scalar matrices on Cn. Assume that there exists a crepant resolution of
singularities ρ : Y → X. Then the C∗-action on X extends uniquely to a regular
C∗ -action on Y .
24
Proof. Since Y is birational to X , the C∗-action on X extends uniquely to a rational
C∗-action C∗×Y 99K Y . It remains to show that it is regular. Let {D1, . . . , Dm} be
the set of all irreducible divisors on Y in the exceptional locus of ρ. It was shown in
[13] that the corresponding discrete valuations VD1 , . . . ,VDm of the field of rational
functions on Y are determined uniquely. Since the algebraic group C∗ is connected,
every such a valuation VD1, . . . ,VDm must be invariant under the rational C
∗-action
on Y . Therefore, the rational C∗-action on Y can be extended to a regular action on
some Zariski dense open subsets Uj ⊂ Dj (j = 1, . . . , m), i.e., the rational C
∗-action
on Y is regular outside some Zariski closed subset
Z :=
m⋃
j=1
(Dj \ Uj) ⊂ Y, codimY Z ≥ 2.
Let TY be the tangent vector bundle over Y . By the extension theorem of Hartogs,
the restriction mapping on global sections Γ(Y, TY ) → Γ(Y \ Z, TY ) is bijective.
Hence, the regular vector field η ∈ Γ(Y \ Z, TY ) corresponding to the regular C∗-
action on Y \Z extends to a regular vector field on the whole variety Y . The latter
shows that the C∗-action on Y \ Z extends to a regular action on the whole Y . ✷
Lemma 8.3 Let V be a smooth algebraic variety, and W =
⋃
jWj a stratification
of W by locally closed irreducible subvarieties. Assume that the Hodge structure in
the cohomology with compact supports H ic(Wj ,Q) is pure for all i, j. Then the Hodge
structure in H ic(W,Q) is pure for all i.
Proof. The statement follows by induction using tha fact that for any closed subva-
riety W ′ ⊂W the long exact cohomology sequence
→ H i−1c (W
′)→ H ic(W \W
′)→ H ic(W )→ H
i
c(W
′)→ H i+1c (W \W
′)→
respects the Hodge structure. ✷
The following statement was conjectured in [1] (see also [13]):
Theorem 8.4 Let G ⊂ SL(n,C) be a finite subgroup. Assume that there exists a
crepant desingularization ρ : Y → X := Cn/G. Then the Hodge structure in
the cohomology H∗(Y,C) is pure. Moreover, H2i+1(Y,C) = 0, H2i(Y,C) has the
Hodge type (i, i) for all i, and the dimension of H2i(Y,C) is equal to the number of
conjugacy classes {g} ⊂ G having the weight wt(g) = i.
Proof. Let Y C
∗
be the fixed point set of the C∗-action on Y , Y C
∗
=
⋃l
j=1 Yj a
decomposition of Y C
∗
in its connected components, Y0 := ρ
−1(x0) ⊂ X , where x0 is
the image of 0 ∈ Cn modulo G. Since Y0 is the fiber over the unique C
∗-fixed point
x0 ∈ X , we have Y
C∗ ⊂ Y0. Therefore Y
C∗ is compact. Since the fixed point sub-
variety Y C
∗
is smooth and compact, the cohomology of every connected component
Y1, . . . , Yk of Y
C∗ have pure Hodge structure. Consider the Bialynicki-Birula cellular
decomposition [4]: Y =
⋃l
j=1Wj , where Wj = {y ∈ Y : limz→0 z(y) ∈ Yj, z ∈ C
∗}.
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Since every Wj is a vector bundle over Yj, the groups H
i
c(Wj ,C) have pure Hodge
structures for all i, j. By 8.3, the Hodge structure in H ic(Y,C) is pure for all i.
Denote by Ci(G) the number of conjugacy classes {g} ⊂ G having the weight
wt(g) = i. Since G is contained in SL(n,C), the ramification divisors Λ and ∆X are
zero. By 3.6 and 7.5, we have
E(Y ; u, v) = Est(X, 0; u, v) = Eorb(C
n, G; u, v).
Using the purity of H ic(Y,C) and the fact that the Poincare´ duality
H2n−ic (Y,C)⊗H
i(Y,C)→ H2nc (Y,C)
∼= C(n)
respects the Hodge structure, it remains to show that
Eorb(C
n, G; u, v) =
∑
{g}
Ci(G)(uv)
n−i. (2)
Indeed, we have Eorb(V,G; u, v) =
∑
{g}(uv)
wt(g,V g)E(V g/C(g); u, v), where V :=
Cn. Since V g is a linear subspace of dimension k(g) := dimKer(g − id), we obtain
E(V g/C(g); u, v) = (uv)k(g). Hence,
(uv)wt(g,V
g)E(V g/C(g); u, v) = (uv)n−wt(g
−1,V g).
The summing over all conjugacy classes {g−1} implies (2). ✷
Proof of Theorem 1.10: Now it follows immediatelly from 8.4. ✷
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